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RANDOM MATRIX PRODUCTS AND
MEASURES ON PROJECTIVE SPACES

BY
H. FURSTENBERG AND Y. KIFER

ABSTRACT

The asymptotic behavior of | X X, ,--- X,v] is studied for independent
matrix-valued random variables X,. The main tool is the use of auxiliary
measures in projective space and the study of markov processes on projective
space.

Let Xi, X3, X, - - - be a stationary stochastic process with values in the space of
m X m real matrices. Let | || denote a (Banach algebra) norm on the space of
these matrices. It was proved in [3] that if the expectation E (log” || X; ||) is finite,
then

M lim | X, X1 - X"

exists with probability one. If the variables {X,} are independent with common
distribution w, the limit in (1) is a constant (by the zero-one law) depending only
on u, say B(u ). Unlike the classical law of large numbers, the parameter 8 () is
not directly computable as an integral with respect to the measure u. As a result
the behavior of B(u) as a function of u is much more recondite and there are
still simple questions that are unanswered.

Here we return to a theme that was taken up in [2] expressing 8(u ) in terms of
¢ and some auxiliary measures on the (m —1)-dimensional projective space.
These auxiliary measures will also enable us to study the asymptotic behavior of
the vector norms || X, X,—; - - - Xiv | for v €R™. As an application of our analysis
we present a stability result for B(u) with respect to perturbation of u.

We remark that since this paper was first written similar results have been
obtained by Hennion [4].
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The easiest way to prove the existence of the limit in (1) is to invoke
Kingman’s subadditive ergodic theorem ([7]).

TueOREM (Kingman). Let W,.,,m,n =0,1,2,--+,m <n be a family of real-
valued random variables satisfying

(i) The distribution of W,., depends only on n —m.

(i) Form<n<p, Wop = W,,, + W,

(iii) The expectation E(Wy,) is finite.
Then with probability 1, the expression (1/n)Wo, converges to a limit which may
equal —®.

The law of large numbers for matrix norms now follows by taking W,., =
log anXn—l T Xm+1“-

A more precise result may be proved using Osoledec’s “multiplicative ergodic
theorem” {[8], [9]) which is a far reaching generalization of the results of [3].
According to Osoledec’s theorem, if X, X5+, X,, -+ is a matrix valued
stationary stochastic process with E(log” || X; ||) < =, then for almost every choice
of the sequence Xy, X, "+, Xn, - the limit of | X, X,—i- Xio '™ as n—o
exists for every vector v. Here | | is any (Banach space) norm on R". From this
follows the existence of lim || X, X, - Xi|"".

If the process { X} is ergodic it is easy to see that lim | X,X, -, - - - Xu||"" is, with
probability 1, a constant. On the other hand, in the Osoledec result, if we write

@) B(w,v)=lim| X, (@) Xsar(w) -+ Xa(w)o[",

for almost all w, B(w,v) usually depends non-trivially on v. We may therefore
expect that for fixed v, B(w,v) depends non-trivially on @. One result of our
analysis is that if the {X.} are independent then B{(w,v) depends only on v.

THEOREM A. If the variables X1, X5, -+, X,., - - are independent and identi-
cally distributed in GL(m,R) and if E(log" || X:||) <=, then

lm 1, Xe-1 - Xow |

exists with probability one for every v ER™, and is a constant depending on v and
on the distribution of Xi.

In [5] it is shown that B(u) is not a continuous function of u with respect to
the weak topology on probability measures . Namely, one may have w, — p
weakly, with w,, u probability measures on unimodular m X m matrices (with
uniformly bounded support) and nonetheless
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3) B(w)>lim sup B(p.).

(The opposite inequality cannot take place!) We shall present here a family of
measures u for which the instability (3) does not occur.

We shall assume that u{non-invertible matrices} = 0. Then we can associate to
w the smallest closed subgroup G, C GL(m,R) for which u(G.)=1. Given a
sequence of probability measures {u} on GL(m,R) we shall say that u, — u
weakly and boundedly if [ fdu. — J fdu for all continuous functions f(g) with
compact support on GL(m,R), and if

[, togliglduee)+ [ tog'lg ldute)—0

g~ ">

as N — oo, uniformly in k.

THEOREM B. Let u be a probability measure on GL(m,R) for which G, has
the property that there exists at most one non-trivial subspace V CR™ for which
gV CV for all g€ G,. Then if w. — p weakly and boundedly, we will have
B(pe)— B(r).

1. Random walks and laws of large numbers

Let M be a compact metric space and let (M) be the space of probability
(borel) measure on M. (M) is a compact metric space in the topology of weak
convergence. A continuous map M — P (M) assigning to each x € M a measure

. defines a random walk on M. We define the corresponding Markov operator
by

Pr) = [ ) (9)

and the adjoint operator P* is defined on ?(M) by

P*V(A)=J' x (A)dv(x)
for A a borel set in M.
A stochastic process {Z.,n =0,1,2,---} is a Markov process with transition
probabilities {p.} if

P{Zn+l EA ,ZO, Zl, ot ',Zn} = #’Zu (A)'

The transition probabilities {u. } are determined by the operator P and so we can
speak of a Markov process corresponding to P. The principal tool that we will use
in our discussion is the following general result:
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THEOREM 1.1. Let {Z,,n =0,1,2,---} be a Markov process on M corres-
ponding to the operator P on €(M) and let f € €(M). With probability one,

N
(1.1) limsup N{Fl 2 f(Z,)=sup {ffdv |v € P (M) satisfying P*v = v} .
n—»oo n=0

The proof of the theorem is based on a lemma which appears in [2] and which
we reproduce here for the reader’s convenience.

Lemma 1.2. If f = g — Pg for some g € (M) then with probability 1,
1
N1 2 f(Z)~0.
PrOOF. Let W, =Z2%.0(Pg(Z:) — g(Zk+)) k. We have

E(Wn+1|ZO, Zl,' Y Zn)= Wn +71L+I E(Pg(Zn)_g(Zn+1)|Zo, Z],' ¢ ',Zn)

1 1
=W, +— 7 P8(Z) -7 E@(Z)| 20 Z,,- -, Z,)

= Wn,
since by the definition of a Markov process
E@(Z)| Zo, 21, -+, Z,) = PR(Z,).

Hence { W, } forms a martingale which, by the boundedness of g(x), has bounded
second moments. This implies that W, converges with probability 1, and by
Kronecker’s lemma it follows that

3, (Pg(Z) = g(Zuw} = ()

and rearranging terms we have the assertion of the lemma.

LemMma 1.3. Letf € €(M) be non-negative. Then for any € > 0 we can write
1.2) f=Pg—g+h
where g, h € €(M), and where h satisfies

(1.3) A |l = sup { f fdv | v € P(M) satisfies P*v = u} +e.

Proor. Let £ C €(M) denote the subspace of functions of the form Pg — g.
Let & denote the distance of f to &. By the Hahn-Banach theorem, there exists a
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continuous linear functional on € (M) vanishing on %, having norm 1 and taking
on the value 8 at f. Thus there is a (signed) measure A with [|[A[|=1, P*A =),
and ffdx = 8. Now if we decompose A into its positive and negative parts
A=A"—A" we find P*A"—P*A"=A"—A", whence P*A"= A", P*A" =\~
which implies P*A"=A%. Let vo=A"/|A"||. Then P*vo=1w, and [fdvo=
[ fdx = 8. By definition of 8 we can find Pg —g € & so that

If -(Pg—gll-=8 +e.

Letting h = f — (Pg — g) we obtain the assertion of the lemma once we check
that

8 =sup {I fdv ' v € P (M) and satisfies P*v = v} .

But since v = v, satisfies [ fdv, = 8 this concludes the proof.

To prove Theorem 1.1 we first note that adjusting f by a constant, we may
assume that f is non-negative. We then have the decomposition (1.2). Now
clearly

1 N
lim sup 375 2 h(Z)= k|-

=0

and so by (1.3) we complete the proof of the theorem.

Note that in the course of the proof we have also established the existence of
measures u with P*v = v, This was based on the Hahn-Banach theorem. One
can also prove this using an appropriate fixed-point theorem. In any case, the set
on the right of (1.1) is non-empty.

THEOREM 1.4. Let {Z,,n=0,1,2,---} be a Markov process on M corres-
ponding to the operator P and let f € (M) be such that for all v € P (M) for
which P*v = v the integral | fdv takes on the same value f. Then with probability
one

1 < =
m;}f(Zn)—*f
as N—x,

This follows from Theorem 1.1 applied to the functions f and —f.

2. The behavior of | X, X, Xiv|

We shall apply the results of the foregoing section to the following situation.
Set G = GL(m, R), the locally compact group of invertible m X m matrices, and
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let P™"" denote the (m — 1)-dimensional projective space. We suppose we are
given a probability measure u on G, and we suppose for the moment that u has
support on a compact subset Q C G. Let M = Q x P™™".

We may identify P™' with lines through the origin in R™ and since the
matrices of G send these lines to themselves, we have a natural action of G on
P™7'. For g€G and u € P™"' we shall indicate this action by gu. Let
X, X5, -+, X, -+ be a sequence of independent identically distributed G-
valued random variables with distributions p. The sequence of M-valued
variables

ZO = (e’ u)’ Zl = (Xl,Xlu), Zz = (Xz, X2X1u), -

2.
( 1) Zn =(XnanXn—1"'X1u)

defines a Markov process on M corresponding to the Markov operator

) Prg.x)= | g’ x)du(e)

and

E(f(Z)| Zo, Z1, -+ -, Za-)) = E(F (X, XuXua - - Xau) [ X1, -+, Xoc)

- [ ftg g X+ X (g = P2,
Let A be a measure on M satisfying P*A = A. By (2.2)
3) [ fax = [ prar = [ | ste’, 8010w 0)
where v is the projection of A on P™ ', If f(g, x)= ¢(x) then
[ wav = [ fan = [[ et@ran@rav o)
For any v € #(P™') define u * v by
[ ean s = [ ot@rn@ar )

We say that v is w-stationary if u*v =v. Note that if Y is a P™ '-valued
random variable, and X is a G-valued random variable independent of Y and if
X and Y have distributions p and v respectively, then XY has distribution
wEv.

If conversely v is a p-stationary measure and A is defined by
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4 [ 1ar = [ 16 g0)du(g1ava)

then P*A = A. For

ffdP*)\ =f Pfdr
- [[ pris x1an@yav)
- f f f f(g', 8'gx)du(g")du(g)dv(x)

- [ 1@ 8vdu@vee)

[ o

We thus obtain a one-to-one correspondence between A € (M) with P*A =
A and v EP(P™") with p*xv =

For u € P™' let # €ER™ denote any vector # 0 on the line through the origin
corresponding to u. For any g € C the expression || il ||/||g "4 || depends only on g
and u. We can therefore define a continuous function on M:

p(g u)=loglal/lg™al.

Consider now the averages

7 2 e
We have
P(Zo)+p(Z1)+ -+ p(Zn) = (log| Xuit | - log | @ ]))
+(log| XXy || - logl| X)) + - --
+ (log|| XaXn-1 -+ - Xadi |
—log || Xn-1Xn—2- - Xai|))

= log || XnX-1 - - Xutk ||~ logl| it .
Consequently

I < 1 .
N+1 "Zo p(Zn)= N+1 log”XNXN—1 v Xlll”'f‘ 0(1)
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We wish to apply Theorems 1.1 and 1.4. We use the correspondence between A
and P*A = A and p-stationary v and we find that if A corresponds to », then

[ pswareu) = [[ e swrangravw)

= [[ 1ogliga i grav .

We can now formulate the result.

THEOREM 2.1. If p is a measure of compact support in GL(m,R) and if {X,}
is a sequence of i.i.d. random variables with values in GL(m,R) and with
distribution y, then for any v ER"™ we have with probability one,

lim sup 1/N log|| XnXn-1 -+ Xuv ||
Nowx

(2.5) .
=sup {” 1oglh%“—|{1 du(g)dv(u)|v EP(P™ ) and w +v = v} .

Moreover, if for all u-stationary measures v the expression

[ roe ket a gyaviuy

takes on the same value B, then with probability one

1
(2.6) N log ||XNXN-1 ‘e le H—) B
If vy, - -, v form a basis of R™ we can identify || g || with max || gv; ||. (Note that
any two norms || |i, | | either on matrices or on vectors will satisfy

(' W 'Y —1.) Theorem 2.1 implies a corresponding result for the behavior
of

1—]\7 lOg ||XNXN_1 e X1 "

But we shall immediately see that a stronger statement can be made here.

Let v be some u-stationary measure. Let U, be a P™ '-valued random
variable of distribution v defined simultaneously with the i.i.d. sequence {X,}
and assume it is independent of all the latter. Now define

Z: = (Xn, Xan—l et Xl UO)-

Z is again a Markov process corresponding to the Markov operator P. If we set
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U, = X, X.-1- - XiU, we see inductively that the distribution of U, is again V
since U, = X,U,_, and X, and U,_, are independent. It follows that Z, =
(X., U.) is a stationary process. (A Markov process with stationary transition
probabilities is stationary if the individual distributions remain the same.) We
now apply the ergodic theorem to conclude that with probability one,

1 A -
e % log 1 XuXucs- - X, Vol
where § is a random variable satisfying

(2.8) E(ﬁ)=E(p(Xl,Xon))=E(log”Xon“)=fJ lOg“ﬂ%aﬂu du(g)dv(u).

Now p must take on values = E(p) and so with positive probability

(2.9) lirgf:)lp % log)| XaXn-1- - Xi|ZE(p) = j] log ””%ﬂu du(g)dv(u).

The liminf in question is measurable with respect to the tail field of {X,} and so
by the zero-one law it is a.e. constant. Thus (2.9) holds with probability one.
Moreover, the expression to the left in (2.9) does not depend on the choice of .
If we now set

@10) 8w =sup{ [[ og g du@yaviur| v e 2@ e v =)
then
lim il'lf —Ilv' ”XNXN_1 s X1“ = B([L).

Comparing this with (2.5) we obtain

THeEOREM 2.2. If u is a measure of compact support in GL(m,R) and if {X,}
is a sequence of independent identically distributed GL(m,R)-valued random
variables with distribution ., then with probability one,

1

@.11) lim

log | XnXn-1- -+ Xal| = B(r)

where B(u) is defined by (2.10).

The foregoing results may be extended io the case of non-compactly sup-
ported measures u provided some boundedness restriction is imposed. We shall
assume pu satisfies
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@) [ tog lg11+10g" 5™ du(g) <=

Let G denote the one-point compactification of the locally compact group
GL(m,R) and set M =G X P™™'. On M we define transition probabilities as
before, setting

Pfie )= [ £(g',8'5)dun(8)

for all g € G. For each positive T < we consider the function pr(g, u) defined
as before by log(||i|/|g"a||) for ||g|l, ||g "' = T and extended continuously to
all of M with the same bounds. At the same time consider p(g u)=
log(Jl @ |l/lg i) defined on G x P™™' C M. Form {Z,} as before. Then

1 S P(Z) - Jg e (Z)
2.13)

1 + T
=557 2 (og'| X. || +log" | X:'[|+log T)1e, (X.)

where Br ={g |max{||g|,|g [} > T}. By the ergodic theorem for the process
{X.} the right-hand side of (2.13) converges to the limit

. dog'lgl+10g"l18™ I (g) + g Tw(B)
=2 (og'llgl+log'lI8™ IDdu(z).

By (2.12) this — 0 as T — . It follows that for large T, the asymptotic behavior
of | XnXn-1 -+ + X1v | can be estimated by integrals of pr with respect to measures
A satisfying P*A = A. Comparing p with pr we find that

[ oar [ rar | = [ 08Il +10g" 8™ +10g T (o)
which converges to zero as T — . The result is the following

THEOREM 2.3. The conclusions of Theorem 2.1 and Theorem 2.2 are valid if
the measure p satisfies

[ tog* g1+ 10g" 8™ Ndw(g) <=

3. The filtration of R™ for random matrix products

We consider a fixed measure u on GL(m,R) satisfying (2.12). For any
p-stationary measure v on P™7, let a(v) be given by
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a)= [ [ 188 au)av)

We have

B(w)=sup{a(v)|v € P(P"")and u*v = v}

We shall speak of B(u) as the rate of growth of the matrix products for u.
Let N denote the compact convex subset of ?(P™') consisting of u-
stationary measures. To each v € N we can attach a stationary Markov process

Z: = (Xn, Xan—l e XIUO)
where U, has distribution v. Assume that Z; is an ergodic process. Then with

probability one

.1 < OERTIY | )
lim N+l ';) p(Z:)=lim N log || XnXn-1- - X, Ul

(/]
G3.1) -[] logl‘H%ﬁJ du(8)dv (u)

=a(v)
by the ergodic theorem. We formulate this as follows:

LemMa 3.1. If v EN is such that Z; is ergodic, then for v-almost every
direction u, if v ER™" is a vector in the direction u, then

1
N log ”XNXN—l e X ”-’ a(v).

LeMMA 3.2. The measure v with Z ,, ergodic are just the extremal points of N.

PrROOF. It is readily checked that if v is non-extremal then Z, is non-ergodic.
For the converse direction we use the fact that the invariant functions for a
stationary Markov process {Z} have the form ¢ (Z?) for some function ¢ on the
state space ([1]). Since ¢ can be assumed to take on the values 0, 1, there will
exist sets A C G X P™ ' such that 0 < A (A) <1 where A € (M) corresponds to
v € P(P™"), and with (g’,g’'x)E A for all (g,x)E A for u-almost every g'.
Then clearly A depends only on the second component: A =G X A’, with
g'A'C A'fora.e. g’ € G. We have 0 < v(A') < 1 and the restriction of v to A’ is
a p-stationary measure. This shows that » is not extremal.

LemMa 3.3. B(u)= sup{a(v), v €N, v extremal}.



Vol. 46, 1983 RANDOM MATRIX PRODUCTS 23

Proor. This follows from the Krein-Milman theorem which asserts that all
of N is spanned by extremals.

Suppose now that for all extremal measures v € N we had a(v)=8 for a
fixed 8. Then B = B(u ) and by Theorem 2.1 we would have with probability one

.1
(3.2) lim = log || XxXn-1 -+ Xiv || = B(u)

for all v €R™. If on the other hand (3.2) is not valid for all v, there must exist an
extremal measure v with a(v)<B(w). Lemma 3.1 is valid for this measure v
and we obtain a set of vectors v for which with probability one
I—if lOg“XNXN_1 M X1U “—> a(v).

For any subspace L CR™, let L denote the corresponding set of points in
P™7',i.e., the set of all directions represented in L. Let L be the set of vectors v
for which

(3.3) lim sup—zl\—[logleNXN_l X[ Za)

N
holds with probability one. L is clearly a subspace of R” and by Lemma 3.1,
v(L) = 1. On the other hand since a(») < B(u), by Theorem 2.2 it is clear that L
is a proper subspace of R™. So if we let L, denote the minimal subspace for which

v(L,)=1,then L, C L, so that L, is a proper subspace of R” and (3.3) is valid for
all v € L.

LeEmMMA 3.4. If vis a p-stationary measure and L, is the minimal subspace of
R"™ for which v(L,)=1, then gL, = L, for u-almost every g € GL(m,R).

PrROOF. Since v is u-stationary

W)= w(D) = [ (g Ddun(e).

If this is 1, then »(g'L)=1 for a.e. g. But then g"'L DL and so gL = L.

Let us say that a subspace L C R™ is w-invariant if gL = L for p-almost every
g € GL(m,R). We now have

THEOREM 3.5. Assume the measure u satisfies the condition of Theorem 2.3.
Then either for every v ER™ and with probability one

(3.2 bis) lim ~ log| XX+ Xio | = B(1),
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or for some proper w-invariant subspace L CR™, for every v € L,
(34) llm sup % lOg ||XNXN7| e X]U “ =a
where a < B(u), again with probability one.

If L is a p-invariant subspace of R™ then for p-almost every g we obtain a
transformation g ‘ L of L — L. Thus u determines a measure u; on GL(L). For
each w-invariant subspace L C R™ we then have a rate of growth 8(u.) which
can be characterized as the infimum of a for which (3.4) holds.

We note that B(u.+:-) = max{B{(uc), B(uc-)} if L', L" are both w-invariant
subspaces. It follows that if there exists any subspace with B(u.)< g8 (u) then
there is a unique maximal such subspace. We denote this subspace by L..

The alternative presented in Theorem 3.5 is that either (3.2) holds with
probability one for every vector v €R™, or L, is a non-trivial subspace of R".

Once again let L be a p-invariant subspace of R™. For w-almost every g,
gL C L and g induces a transformation of R™/L —R" /L. Thus p determines a
measure pg~e on GL(R™/L).

LemMma 3.6. If L is a p-invariant subspace of R"

B(n) = max{B (i), B (e )}-

ProoF. Choose a basis of R™ whose initial vectors form a basis of L. The
matrices g in the support of p have the form

_ 8u glz)

& ( 0 822

where g; are submatrices, g., corresponding to the restriction of g to L and g,
corresponding to the action of g on R™ /L. Forming the product Xy, Xy« + X,

of matrices in this form, and identifying B(r) with the rate of growth of the
random product, we see immediately that

(3.5) Blp)=B1),  Bluem)=B(1).

Now suppose that both of these inequalities are strict. Consider the product

I B ! " #
(X2NX2N—1 e XN+1)(XNXNv1 te Xl) = (AN 7) (A N Bﬁ) .
0 CW\O N
Let ¢ > 0. When N is large, then with probability close to one we will have
”A/v”, ”A ;(l” = e(1+F)NB(iLL)’ “B;'v”, “BI’\’lH =< e(1+£)N3(}‘),

ICLLIIChll = et oNeeamn),
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Hence with probability close to one,
| XonXon 1+ - - Xu|| = e UFERNBGL) 4 o (1+eR2NB(gmy)
4 g UFONBEI B ) | o (HONBE)Blugm,, )

(1—&)2NB(r)

But this is also larger than e which shows that both inequalities in (3.5)

cannot be strict. This proves the lemma.

LemMA 3.7. With L, defined as above (L, may be {0}), the measure pr~. has
the property that with probability one

1 - - _

N 1081 XK Kz ]| B(n)
for each z €R™/L,, where for g € GL(m,R) with gL, = L, we denote by g the
induced transformation on R™[L,.

PrROOF. We can write, with a harmless abuse of notation,

(Y. Z.
X"‘(O X)

where Y, denotes the restriction of X, to L,. By Lemma 3.6, since B(u.,)<
B(un) we must have B(ur~r,)= B(r). Now apply Theorem 3.5 to pwmy,. If the

assertion of Lemma 3.7 were not true, R™/L, would contain a proper subspace
with a rate of growth < B(psm~.,)= B(1). We could then write

Y., Z. Zi
X. =0 X X
0 0 X

where the random products of X, have smaller rate of growth than B(u). But
also Y. leads to a smaller rate of growth since B(u.)<pB(wn). The same is

therefore true of
( Y. Z .’.)
0 X,

according to Lemma 3.6. But this would contradict the maximality of L,. This
proves Lemma 3.7.

This leads to
PROPOSITION 3.8. For any v ER™ with vZ L,
lim % log || XnXn-1- - Xav |

exists with probability one and equals B(u).
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Now L, is invariant with respect to the matrices in the support of u. We can
carry out the same analysis for L, as we did for R™ and we find a proper subspace
L,C L, containing all the w-invariant subspaces with B8(u.)< B(u.). For any
v € L,\L, we will have

.1
lim N log | XaXn-1 -+ Xio|| = B(us,).

We repeat this procedure till we have exhausted R™. The final result is the
following

THEOREM 3.9. Let p be a probability measure on GL(m,R) satisfying (2.12).
There is a sequence of subspaces

0CL,CL,,C---CL,CL,CLy=R"

and a sequence of values B(u)=B(n)>B'(u)>B"(w)>"-> () such
that if v € L;\ Li.4, then with probability one

.1 i
bﬂﬁ lOg”XNXN—l - X ” = B( )(I'L)'

The subspaces {L:} and the growth rates 8”(u) are related to the extremal
w-stationary measures v in the following way. By Lemmas 3.1 and 3.2 we know
that if v is an extremal w-stationary measure then

U
)= ] log%ﬁj dyu (g)dv (u)

is the growth rate for some vector ». Therefore by the theorem a (v) = B8(u) for
some i. Since this growth rate characterizes the vectors of L;\ L;., we must have
v(Li\Lix1)=1, or v(L)=1, v(Li,)=0.

Thus for extremal u-stationary v, the functional a(v) can take on only the
values B°(n),B'(), -+, (). Consider all the measures v with a(v)=
Bn), and let & be the set of all subspaces L with v(L)=0 for these ». On
each such subspace the growth rate is < 8“’(u) and therefore the same is true of
the sum. These considerations lead to the following

THEOREM 3.10. The subspaces {L:} and the B”(n) of the foregoing theorem
can be obtained as follows. As v ranges over all extremal u-stationary measures,
there are finitely many values of a(v) that can occur. These values are B(n)=
B(n)>B'(m)>--->B(n). Let & be the set of all w-invariant subspaces
satisfying v(L) = 0 for all v with a(v) > B(w). L, is thus the sum of all subspaces
in &; and it is the unique maximal element of %..
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Note that since for extremal measures a(v) can take on only finitely many
values, the supremum

B(p)=supla(v)|v € PP "), u*v =1}

is attained for some extremal ». Moreover, any v for which v(L,) = 0 will satisty
a(v)=B(n). We have

COROLLARY.  There exist y.-stationary measures on P (P™ ") satisfying v(L,) =
0. For any such measure

U

vl

4 du(g)dv(u)=B(n).

4.  Perturbation of random matrix product

We let n be a probability measure on GL(m,R) and, as in the preceding
section, we say that a subspace L CR™ is w-invariant if gL = L for almost all
g € GL(m,R) with respect to n. We denote by u, the induced measure on the
group of linear transformations of L. The growth rate () is defined by (2.11).

PROPOSITION 4.1.  Assume that for every w-invariant subspace L # {0} of R™
we have B(ur)=pB(n). Let {u} be a sequence of probability measures on
GL(m,R) satisfying

@y o lgldim@ [ tog'llg ldim(e)=0

e~ 1=

as T — o uniformly in k. If . — p weakly, i.e., if for all continuous functions f(g)
of compact support [ fdp. — [ fdu, then B(u)— B(r).

Proor. By the corollary to Theorem 3.10, for each measure wu, there exists a
measure v, on P™™' with g * v = v and such that

8= | [ 1o 18 dys gy .

Passing to a subsequence one can assume, without loss of generality, that the
sequence v, converges weakly to a measure v* on P™7'. It is easy to deduce
from the equalities p. * vx = v that u*p* = p*,

Now apply Theorem 3.10 to the measure u. Since by hypothesis 8(u.) = B(u)
for each w-invariant subspace L CR™ the filtration {L;} corresponding to u
must be trivial, having only the subspaces {0}, R™. Hence for every extremal
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w-stationary measure v, a(v)= B(u) and so too for all w-stationary measures.
In particular

[ 10g 1l au 10y = B>

On the other hand, if .~ p, v — v*, and (4.1) holds uniformly, then

J] ety

This proves that 8(u«)— B(w) and thus completes the proof of the proposition.

H due @yan () [ [ 10g 121 i du(@)dv )

In particular, if the measure u is supported on a subgroup G, CGL(m,R)
which is irreducible, then B(u ) is “stable” in the sense that small perturbations
of w subject to (4.1) lead to small changes in 8(i). We can deduce the same
result under the milder restriction that G, possess at most one non-trivial
invariant subspace. For suppose that L is the unique u-invariant subspace, and
decompose the matrices g € G, into the form

— {81 8 12>
g ( 0 82
with g, the restriction of g to L and g, the induced transformation on R™ /L. By

Proposition 4.1, if B(u.)= B(n) then we have stability. On the other hand, if
B(u.)< B(r), then by Lemma 3.6, B(r=r) = B(r). Now consider the trans-

posed matrices
t, — tgll 0 )
g ('g 12 tgzz

and the corresponding measure 'w. There is a unique non-trivial 'u-invariant
subspace, L*, and the restriction of ‘g to this subspace is given by ‘g,. Now if we
regard B(u) as a rate of growth of matrix products it is clear that B(n)= B('n)
and for the same reason 8(urm~.)= B (). Since B(urmr) = B(p), it follows
that for the non-trivial ' -invariant subspace L,

B(u)=B(n).

Again we can apply Proposition 4.1 to conclude that we have stability for ‘u. But
clearly this is equivalent to stability for u. This proves Theorem B of the
Introduction:

THEOREM B. Let u be a probability measure on GL(m,R) and let G, be the
smallest closed subgroup of GL(m,R) which supports the measure . If G,. has the
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property that there exists at most one non-trivial subspace V CR”™ for which
gV CVforg € G,, then whenever . — w weakly and boundedly, B (u)— B(1).

A variant of Theorem B is the following result.

THEOREM B'. Let u be a probability measure on GL(m,R) and let G, be the
smallest closed subgroup of GL(m,R) which supports the measure u. Let V CR"™
be an invariant subspace for G, such that V is contained in any other invariant
subspace. Assume that B(uv)=B(n). Then whenever p, — u weakly and

boundedly, B(p)—> B ().
Clearly, the hypotheses of this theorem imply those of Proposition 4.1.

A relevant example is where G, consists of all the matrices

811 81z 83
g8 = 0 822 823 -
0 0 833

Let y; = [log|gi|du(g) for i =1,2,3. We claim that if either vy, or vy; is the
largest of the three numbers vy, vy, v; then we will have stability in the sense of
the foregoing theorems. For if vy, is the largest of the three, then the conditions
of Theorem B’ are fulfilled for u. On the other hand, if vy, is the largest, the
conditions of Theorem B’ are fulfilled for the transposed measure 'w, and since
B(pn)=B(w), we obtain the same resuit.

Consider now the case m =2. There are three possibilities as regards the
invariant subspaces for G, . Either there are no non-trivial subspaces, or there is
just one, or there are two invariant subspaces. (We omit the trivial case of scalar
matrices.) In the first two cases we will have stability of 8(u) by Theorem B. In
the third case there need not be stability, as the example of [S] shows. Namely,
we can suppose that p is concentrated in diagonal matrices

— {81 O)
& (O 82 )

f10g|811|dﬂ(8)7éf log|gz|du(g)

Suppose

and let u, =(1—¢&)u + &8, where 8 is the point measure attached to the
element k which we take to be
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One verifies that u, has a unique stationary measure on 2 and one is led to the
formula

B =1 ([ toglguldu(@)+ [ 1081galdn ()

On the other hand, it is clear that

B(p) = max (I 10g!gu!dn(g),f‘loglgzzldu(g)) ,

so that although u. — u as e =0, B(u.)+ B(r). Finally if

flog;gu(d,u(g)=f log|gz|du(g)

then the conditions of Proposition 4.1 are satisfied, so that in this case we do,
indeed, obtain stability.
For m = 3 we have a more specialized result. Suppose the matrices of G, have

the form
8un 8z 83
g = 0 82 8

0 0 gs

and that for some g € G, g #0, g» #0. Then if

| 1o81gu1du (@) 2 max { [ 1oglgaldn (2), [ 1080l du0)]

we can verify the conditions of Theorem B’. Thus in this case we will have
stability.

For further discussion of stability with more restrictive conditions of con-
vergence u — . we refer the reader to [6].

5. Appendix. Comparison with the Oseledec decomposition

In [8] Oseledec studies the rate of growth of products X, X, - Xiv for a
stationary process {X.}. This includes the situation we have studied, but the
results are not quite the same. Oseledec considers the sequence {X,} fixed and
regards the growth rate of | X,X,_; -+ X,v|| as a function of v. This leads to a
“random” decomposition of R™ exhibiting different growth rates.

To illustrate the situation let us take an example when u is concentrated on
upper-triangular 2 X 2 matrices

[ C;
Xi’(o b)
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Let a =Elog|a;| and b = E log|b:|. According to [8] a and b will be two
characteristic exponents and they have corresponding directions with approxi-
mately e™ and e™ rates of expanding (contracting).

The matrices X; have the invariant subspace

r={o)

n
an - 4y Zan"'ak-ﬂckbk—l"'bl
X] = k=t .

0 b"...bl

Clearly,

(5'1) Yn = Xn ot

If a < b, then all vectors of T" grow with the speed ™, but any vector y & I" grows
nb
as e, ie,

a iftyerl,

. 1 as.
(5.2) lim — log[ X, - - - Xuy[| = {
b if ygl.

In this case the filtration given by Theorem 3.9 is the same as in [8].

If a > b then one direction in Oseledec’s theorem is I' and it is non-random.
This direction corresponds to the growth rate of ¢™. From (5.1) it is clear that the
direction corresponding to the growth rate e™ is determined by the vector

( 1)
22

5. ﬂ:-m&(ﬁi)G’l)
( 3) kZ=ldk di a

r4)

and it is random. If I" is the only invariant subspace with respect to all g € supp u
(which is the generic case) then by Theorem B for any v ER™ with the
probability 1,

}.i_rg%logHX,. - Xwl=a
and so the direction (5.3) coincides with a fixed direction with probability 0.
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